We propose a realization of a charge parity meter based on two double quantum dots alongside a quantum point contact. Such a device is a specific example of the general class of mesoscopic quadratic quantum measurement detectors previously investigated by Mao et al. [Phys. Rev. Lett. 93, 056803 (2004)]. Our setup accomplishes entangled state preparation by a current measurement alone, and allows the qubits to be effectively decoupled by pinching off the parity meter. Two applications of the parity meter are discussed: the measurement of Bell's inequality in charge qubits and the realization of a controlled NOT gate.
I. INTRODUCTION
Recently, it has been realized that parity meters based on solid state structures should be very promising candidates to create entanglement of electronic systems.
1,2,3
Whereas previous proposals and applications of parity meters in the solid state have dealt with the entanglement of the spin degree of freedom, we presently investigate a parity meter based on charge qubits, which is able to generate entanglement in a solid state system just by measuring a DC current through a quantum point contact (QPC). The setup under consideration, schematically shown in Fig. 1 (A) , is a particular example of the general class of mesoscopic quadratic quantum measurement devices investigated by Mao et al. in Ref. 4 . The design of our device has been inspired by the work of Ruskov and Korotkov, where it has been demonstrated that current and noise measurements of a QPC coupled to two charge qubits can be used as an entangler. 5 We propose a setup, in which this task can be achieved by a current measurement only.
The charge qubits, e.g. a single electron in a tunnelcoupled double quantum dot (DQD), are coupled capacitively to the measurement device (the parity meter). Recently, coherent quantum oscillations have been measured in DQD systems. 6 Quantum detectors based on QPC's coupled to DQD qubit systems have been studied intensively in the past, both theoretically 7 as well as experimentally. 8 Transport properties of Coulomb coupled DQD systems have also been analyzed. 9 Generally speaking, the idea of a parity meter is that it can distinguish between the subspaces of two parity classes of quantum states but it cannot distinguish between different states in each parity class. It has been demonstrated that such a device can be used to implement a controlled NOT (CNOT) gate.
1 A CNOT gate is a universal quantum gate, and therefore enables universal quantum computation when combined with single qubit gates.
The design of the parity meter that we propose in this article is very straightforward. It just relies on two qubit systems (based on DQD's) and a single measurement device (based on a QPC). All elements of the parity meter can be built with standard lithographic techniques in the lab. If we think about these qubits as DQD's in GaAs heterostructures then dephasing due to coupling of the charge on the dots to acoustic phonons 10 and dephasing due to background charge fluctuations 11 cause severe problems. Nevertheless, charge qubits based on DQD's in other structures such as carbon nanotubes 12 or semiconductor nanowires might have much better coherence properties (due to the fact that they are essentially one dimensional systems), which would make our predictions measurable. Recently, charge qubit operations of an isolated (leadless) silicon double quantum dot have been reported with an extremely long coherence time.
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The article is organized as follows. In Sec. II, we propose a specific realization of a charge parity meter, i.e. a quadratic quantum measurement device. Subsequently, in Sec. III, we demonstrate how the parity meter acts as an entangler. In Sec. IV, we discuss two applications of the parity meter: (i) the measurement of a violation of Bell's inequality and (ii) a realization of a CNOT gate. We conclude in Sec. V.
II. REALIZATION OF A CHARGE PARITY METER
It has been pointed out in Ref. 4 that a general quadratic quantum measurement device provides a simple way of entangling two otherwise noninteracting qubits. In such a measurement device, the transmission amplitude t of some particles, e.g. electrons, should depend on the measurement basis operators σ (α) z of the two qubits α = 1, 2 in the following way
In this section, we demonstrate that a physical realization of a parity meter for charge qubits consists of two DQD's and a single QPC. The setup we have in mind consists of two DQD's alongside a QPC, cf. Fig. 1 (A) .
We will show that a capacitance model based only on linear relations between charge and potentials explains the existence of the desired quadratic coupling (1) in our device. While in Ref. 4 the quadratic measurement is achieved by considering an inflection point of the transmission with dt/dU = 0, where t is the transmission amplitude and U the potential of the measurement device, the quadratic coupling which we discuss below is realized for arbitrary transmission since it is a consequence of the spatial symmetry of our arrangement. A similar idea, using geometric symmetry (in a more complicated interferometric structure) to realize a quadratic detector has been proposed in Ref. 14. We assume that each DQD contains a single electron, which therefore acts as a charge qubit, and can be described by the Hamiltonian
Here α = 1, 2 (for the two different qubits), ǫ α is the difference of single particle energy levels in each dot, ∆ α is the tunnel coupling between the dots, and σ
is a Pauli matrix acting on qubit α. The direct electrostatic coupling between the two DQD's is neglected. However, the two qubits are indirectly coupled to each other via the QPC.
The corresponding coupling term, in our setup, may be written as
where ∆Ê is a charging energy operator with a quantum expectation value ∆E = E E − E O ≡ ∆Ê equal to the difference in charging energy of the even (index E) and odd (index O) parity class. In the tunnelling regime, the operator ∆Ê can be associated with the standard detector input variable λa † R a L + H.c. , where λ is the coupling constant, a † R is the creation operator for an electron in the one lead of the detector, and a L an annihilation operator in the other lead. 24 The combined Hamiltonian of the two DQD's, the QPC, and the coupling (3) then reads
where H QPC is the Hamiltonian of the detector. To justify the interaction Hamiltonian (3) in the case of an arbitrary two qubit parity detector, the coupling Hamiltonian may be expressed in the basis, defined with each of the configurations {| ↑↑ , | ↓↓ , | ↑↓ , | ↓↑ }, where we assign pseudo-spins to the position of the electron in the DQD: spin ↑ corresponds to the case where the electron is in the upper dot and spin ↓ corresponds to the case where the electron is in the lower dot. The even parity class contains the states {| ↑↑ , | ↓↓ }, while the odd parity class contains {| ↑↓ , | ↓↑ }. We will show below that the parity detector can distinguish only between the even and the odd parity classes. This defines the basis that is accessible to the parity detector. The parity detector cannot distinguish the states in either even or odd subclass, but it can distinguish between parity subclasses. In particular, the energy of both even configurations are equal, and the energies of both odd configurations are equal, but the even energy is not equal to the odd energy. Therefore the coupling Hamiltonian can be expressed as
Introducing the projection operators, P
↑,↓ on the up or down state of qubit α, going to sum and difference variables,Σ = (Ê E +Ê O )/2, ∆Ê = (Ê E −Ê O ), and recalling that P (α)
z , we find that the coupling Hamiltonian may be rewritten as
The first term may be absorbed into the detector Hamiltonian, and the second term recovers our coupling Hamiltonian (3) .
We will now demonstrate that a single QPC placed in a special way between two DQD's has a Hamiltonian of the form (3). As illustrated in Fig. 1 (B) , we divide the two DQD's as well as the QPC in two regions with two corresponding charges each. The left DQD has charge Q 1 = −Q 2 = Q L in dots with potentials U 1 and U 2 . The right DQD has charge Q 3 = −Q 4 = Q R in dots with potentials U 3 and U 4 . We set e ≡ 1 and ≡ 1. Suppose that, in the odd parity class with Q L Q R = −1, the QPC has a potential V (x) along the x-axis given by
We are interested in the change of the potential V 0 at the saddle point as the qubit configuration changes from the odd to the even parity class. We call the saddle point potential of the even parity class V 1 . The saddle point potentials allow us to determine the transmission coefficient of the QPC. As compared to the odd parity class, the even class will polarize the QPC, i.e. there will be an additional electrical field E at the saddle point with a potential
2 + . . ., which will give rise to a shift in the location of the saddle point and an increase in its height
To estimate the field E we consider the capacitive model shown in Fig. 1 (B) . The QPC dipole is described with a capacitance C p and the dipole charges Q 5 = Q d and Q 6 = −Q d exist in regions with potentials U 5 and U 6 . 16 A charge on a dot next to a dipole region has a capacitance C and the interaction of the charges across a DQD is described by an (internal) capacitance C i . For simplicity, we assume that only nearest neighbor charge configurations couple to each other. This is justified because the QPC screens the DQD's, and, therefore, decreases the direct coupling between the DQD's substantially. We now have for the DQD charges the equations
and for the QPC dipole charges
These become a complete set of equations if we assume that the region over which the dipole extends has a density of states D such that a small variation of the potential in these regions gives rise to a charge Q 5 = −DU and Q 6 = DU with U = (U 5 − U 6 )/2. Here we have assumed that the QPC potential is spatially symmetric in the odd parity configuration. This requires that the QPC is located symmetrically in between the DQD's and permits us to take the density of states to the right and the left of the QPC to be equal to
We obtain for the Coulomb energy
where
We see that there exist a contribution to the Coulomb energy proportional to Q L Q R given by
This contribution affects the saddle point potential in such a way that the QPC acts as a parity meter. Eq. (14) can be identified with Eq. (3). We now estimate the saddle point potential, in the even configuration, which determines the transmission. The voltage drop of the dipole is 2U and, assuming that the center of its charges is separated by a distance 2d, we find an electric field E = U/d. Hence, using Eqs. (8) and (12) we obtain
Thus, the QPC has a saddle point height V 0 for the odd configuration [Q L Q R = −1] and a somewhat higher saddle point potential
We illustrate in Fig. 2 the symmetric potential landscape of the QPC in the odd case and the generated dipole across the QPC in the even case as well as the corresponding saddle point potentials. The transmission probability T = |t| 2 of the QPC is directly related to the saddle point height via
where E F is the Fermi energy in the QPC, α = 0 for the odd case, and α = 1 for the even case. This shows that the transmission probability through the system considered here has indeed the desired property stated in Eq. (1). To summarize, there are three physically distinguishable situations: (i) There is no charge dipole (both odd configurations), (ii) there is a QPC charge dipole pointing up (the even configuration | ↑↑ ), and (iii) there is a QPC charge dipole pointing down (the even configuration | ↓↓ ). Although all three situations are distinguishable in principle, the crucial fact is that the potential height experienced by the transport electrons is the same in both even configurations. Therefore, the current differs only between the even and the odd configuration. For later reference, we define here the two currents
where V bias is the bias voltage across the QPC and we have re-introduced e and for clarity. During the measurement, the QPC should be operated in the regime of linear V bias but still V bias ≫ ∆. The reason is that a large bias would break the symmetry between the | ↑↑ and the | ↓↓ state, so the parity meter could then distinguish the two states of the even class. In typical systems (for instance the ones investigated in Ref. 8 ), ∆ ≈ 10 µeV, V bias ≈ 1 mV, and the I-V characteristics of the QPC is linear. Thus, the above stated requirements can be easily met. The parity measurement time
with S I = dt ∆I(t)∆I(0) , and ∆I(t) = I(t) − I is the time scale required to a obtain a signal-to-noise ratio of order 1. In current (present day) GaAs-based quantum dot devices this time scale will be of the order of a few µs (see e.g. Ref. 17 ) and therefore much longer than typical coherence times of the order of a few ns. For quantum dots in other physical systems such as carbon nanotubes or nanowires the coherence times should be much longer and therefore the measurement time T M can, in principle, become of the same order as the coherence time or even smaller.
For the Bell measurement (discussed below), it is important that the coupling between the two qubits (the two DQD's) can be turned off after the state has been prepared. In our setup, the coupling between the two DQD's is minimized by removing the bias voltage (V bias = 0) and by pinching off the QPC, therefore, reducing ∆E. For all operations that are done on a time scale ∆t ≪ 2/∆E, the density matrix of the two DQD's experiences little coherent evolution due to the coupling term (3). Therefore, on such short time scales the two qubits would behave as if they were decoupled.
III. PARITY METER AS ENTANGLER
At the symmetry point of the two-qubit system, where ǫ 1 = ǫ 2 = 0 and ∆ 1 = ∆ 2 ≡ ∆, our device acts as an entangler just by measuring the current through the QPC.
The Hamiltonian of the two qubits at the symmetry point (index SP) reads
The eigenstates of H SP are the two anti-symmetric Bell states
The state |Ψ B1 belongs to the odd parity class and the state |Ψ B2 to the even one. Thus, both eigenstates of the Hamiltonian H SP can be distinguished from each other by a current measurement through the QPC in Fig. 1 . The other two symmetric Bell states
are transformed into each other, obeying the timeevolution
Here, φ is an arbitrary phase. Since the states (21) - (24) form a complete basis of the two-qubit system, we can conclude that a measurement of the current through the QPC can take three possible outcomes: (i) I odd , which means that the system is driven into the steady state (21) by the measurement, (ii) I even , which means that the system is driven into the steady state (22) by the measurement, and (iii) I mix ≡ (I odd + I even )/2 (with I odd < I mix < I even ), which means that the system is driven into the state (25), which exhibits a dynamical detector signal that is both oscillatory and noisy.
This behavior can be demonstrated within a simple model of continuous parity measurement state preparation with a series of projective parity measurements. Using a master equation description of the time evolution of the density matrix of the two-qubit system, we have verified that the latter model is in agreement with continuous weak measurement. In the master equation description, we have treated the electrons in the QPC as bath variables and integrated out the bath degrees of freedom in the weak coupling and Markovian regime. The resulting master equation is of the Lindblad form, where the decay rates are proportional to the auto-correlation function of the input variable of the parity detector. The algorithm of our model of continuous parity measurement state preparation is as follows:
1. Fix the desired initial state in the measurement basis. It can be randomly chosen, or can be fixed as a state that is experimentally simple to prepare.
Apply a unitary transformation to change to the
Bell basis, where Hamiltonian evolution is simple. More explicitly, if we represent an arbitrary state as
a simple basis transformation enables us to write the same state as
Then, the time evolution in the Bell basis is simply given by
3. Apply Hamiltonian evolution with a randomly chosen time.
4. Transform back to the measurement basis.
Do a parity measurement:
• Find the probability of getting the result even (E), or odd (O) from the state.
• Use these probabilities to choose a random outcome, E or O.
• Based on the result, update the state.
6. Transform back to the Bell basis.
7. Repeat the algorithm from step 2.
As mentioned before, this algorithm gives three possible outcomes: (i) the parity meter measures O all the time → state |Ψ B1 has been prepared, (ii) the parity meter measures E all the time → state |Ψ B2 has been prepared, and (iii) the parity meter measures a string of a mixture of O and E results → a dynamical superposition of the states |Ψ B3 and |Ψ B4 has been prepared, which is not a steady state of H SP . A long sequence of either O's or E's, corresponding to cases (i) or (ii), indicates a statistically confident preparation of a Bell state. A statistical analysis of our model shows that if we start with a product state in one of the two parity classes, e.g. | ↑↓ in the odd class, which can be easily prepared experimentally, then the parity meter drives the system with probability 1/2 into the Bell state |Ψ B1 . (The same holds for the other parity class and the Bell state |Ψ B2 .)
If we, however, start with a random state, e.g. a fully mixed state, then the parity meter still accomplishes a Bell state preparation of the two states |Ψ B1 and |Ψ B2 with a success probability of 1/4 each. If there are nonideal symmetries, e.g. ∆ 1 = ∆ 2 , then, on longer time scales, there will be random switching between the different parity classes.
Before proceeding to the next section, we briefly note that the needed symmetry in the coupling constants between detector and each of the qubits may be tested by DC current measurements, using gate voltages to force the quantum dots into each of the four classical configurations. If there is any asymmetry, this will show up in a slight current difference when comparing the different configurations. The difference of the couplings constants can by slightly tuned with the use of top gates.
IV. APPLICATIONS OF THE PARITY METER
We describe two applications of the parity meter of interest for quantum information processing. The first one is a new proposal to test Bell's inequality in the solid state. The second one is an example of a realization of a CNOT gate using QPC's and DQD's as building blocks.
A. Testing Bell's inequality
A slight modification of our setup as schematically shown in Fig. 3 can be used to violate Bell's inequality. The Bell's inequality measurement consists essentially of four consecutive steps:
1. Preparation step. During the preparation step, the two DQD's have to be held at the symmetry point, i.e. ǫ 1 = ǫ 2 = 0 and ∆ 1 = ∆ 2 = ∆, where the Hamiltonian H SP describes the two-qubit system. A measurement of the parity meter, i.e. the center QPC, is done. If the measurement is either I odd or I even , then we know that either state |Ψ B1 or state |Ψ B2 , respectively, has successfully been prepared.
2. Decoupling step. Once we know that the system is in one of the two Bell states |Ψ B1 or |Ψ B2 , we would like to turn the coupling between the two qubits off. In our setup, the coupling between the two DQD's can be minimized by setting V bias = 0 and by pinching off the QPC.
FIG. 3:
Bell inequality setup. In order to be able to do a measurement of a violation of a Bell inequality, we use a QPC as a parity meter between two qubits to create a Bell state. The two outer detectors are then used to projectively measure charge in the σz basis of each qubit.
3. Single qubit rotation step. In order to do a measurement of a violation of a Bell inequality in the Clauser-Horne-Shimony-Holt (CHSH) form, 18 we have to rotate each qubit and afterwards measure qubit-qubit correlators in different bases. The single qubit rotation can be done by pulsing ∆ 1 (t) and ∆ 2 (t) independently of each other. Thus, during this step, we drive the system away from the symmetry point. Note that this is the only option to measure the two qubits in different bases, because typical measurement devices for charge qubits can only measure in the σ z basis of the qubit. Therefore, we have to rotate the state instead of the measurement device (which is the usual practice in Bell inequality measurements with photons).
4. Measurement step. Immediately after the single qubit rotation step, we should be able to do a strong (projective) measurement in the σ z basis of the qubit using high-fidelity single shot detectors. This can, for instance, be accomplished by single electron transistors as illustrated in Fig. 3 . The time delay between the two projective measurements is analogous to the relative phase between the beamsplitters in the original CHSH proposal. An alternative to fast time resolved projective measurements required for both the Bell inequality, and the CNOT gate of the next section, is making a series of many weak "kicked" quantum nondemolition measurements at a repetition rate commensurate with the Rabi period of the qubits. In this alternative, the qubits are not detuned from their symmetry point, and single-qubit rotations are accomplished by simply waiting.
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We have to repeat the four steps many times with the same time delay to obtain the correlation function
of the direct product of a "spin" measurement in qubit 1 along unit vector a and in qubit 2 along unit vector b. Note that in our proposal the different angles a, a ′ , b, and b ′ are realized by an appropriate application of the single qubit rotation step. According to Bell, correlations are nonclassical if we violate the inequality
A simple way of analyzing the dephasing time in the system would be to choose different time delays after which the single qubit rotation step sets in.
B. CNOT gate
The setup of a realization of a CNOT gate using charge parity meters is shown in Fig. 4 and follows the idea of Ref. 1. It consists of three different charge qubits and two parity meters. During the operation time of the CNOT gate t op coherent evolution of the charge qubits should be negligible, which means that ∆t op ≪ 1. Furthermore, t op has to be smaller than the typical dephasing time T 2 of the qubits. Note that in superconducting charge qubits, a CNOT gate operation has already been demonstrated experimentally 20 and interesting proposals for the implementation of different kinds of two-qubit gates exist.
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The Hamiltonian of the CNOT gate may be written as
with
z .
The energies ǫ α and ∆ α (α = 1, 2, 3) can (in principle) be controlled at any time by changing the gate voltages that determine the single particle levels and the tunnel couplings in each DQD system, respectively. We now assume that the control qubit and the target qubit are in a given state. It is important for the scheme to work that the ancilla qubit is prepared in the state
It should be rather easy to prepare the desired state of the ancilla qubit because it is the ground state of the DQD system when the tunnel coupling is finite. 22 Under the constraint ∆t op ≪ 1, mentioned above, the outcome of the parity measurement can just take two values, corresponding to I odd or I even of Sec. III. Then, a measurement of I odd shows that the two qubits involved in that measurement exist in the subspace spanned by the states | ↑↓ and | ↓↑ , whereas a measurement of I even indicates that the two qubits involved in that measurement exist in the subspace spanned by the states | ↑↑ and | ↓↓ .
Apart from the measurements of the two parity meters, the only other ingredients needed to build a deterministic CNOT gate are single qubit Hadamard gates
A Hadamard gate acting on qubit α can be realized by tuning the corresponding single qubit Hamiltonian
to the special symmetry point ǫ α = ∆ α and letting it act for a time t H = π/ √ 2∆. For this single qubit rotation, we need to raise ∆ and ǫ temporarily.
The operation scheme of the CNOT gate goes as follows:
1. Preparation of the ancilla qubit. This can be either done by acting with H 2 on state |0 of qubit 2 or by ground state preparation of a tunnel-coupled double dot.
2. Parity measurement with QPC 1. The outcome of that measurement p 1 has to be stored. p 1 = 0 corresponds to the odd parity class, whereas p 1 = 1 corresponds to the even parity class. The same holds, of course, for p 2 , i.e. the outcome of the parity measurement 2 below. Afterwards, we need to decouple the control and the ancilla qubit.
3. Hadamard step 1. Acting with H 2 on the ancilla qubit and with H 3 on the target qubit, which means in practice to wait for an appropriate time t H after tuning the single qubit Hamiltonians.
4. Parity measurement with QPC 2. The outcome of that measurement p 2 has to be stored. Afterwards, we need to decouple the ancilla and the target qubit.
5. Hadamard step 2. Once more, acting with H 2 on the ancilla qubit and with H 3 on the target qubit.
6. Measurement of ancilla qubit. This measurement has to be done in a projective way.
7. Post-processing step. Depending on the outcome of the measured state of the ancilla qubit as well as p 1 and p 2 , we finally have to apply single qubit operations to the control and the target qubit, which we call σ c and σ t . For the control qubit, σ c = σ z if p 2 = 0, while no post-processing of the control qubit is needed if p 2 = 1. For the target qubit, σ t = σ x if the ancilla qubit is down and p 1 = 1, or if the ancilla qubit is up and p 1 = 0. Otherwise, no post-processing of the target qubit is needed. Applying a conditional operation of σ x or σ z , this means in practice making ∆ α ≫ ǫ α for the former case or vice versa for the latter one.
As demonstrated in detail in Ref. 23 , the different steps described above allow for a CNOT operation on the control and the target qubit.
V. CONCLUSIONS
We have proposed a realization of a charge parity meter, i.e. a device that can distinguish between the subspaces of two parity classes of quantum states but cannot distinguish between different states in each parity class. If the states are two-qubit states (in our case, the states that characterize two charge qubits) a parity meter based on a QPC placed in a proper way between the two qubits acts as an entangler just by a current measurement. Such a device is a specific realization of a mesoscopic quadratic quantum measurement. 4 Furthermore, we have demonstrated that the charge parity meter supplemented by two single qubit charge detectors can be used to do a measurement of a violation of Bell's inequality in the solid state. To accomplish this, we have exploited the idea to use single qubit rotations instead of a rotation of the measurement device in order to be able to measure CHSH correlators in four different bases.
Finally, a CNOT gate operation has been described using two parity meters and three qubits. Thereby, one of the three qubits just acts as an ancilla qubit to enable a deterministic gate, whereas the other two qubits are the standard control and target qubit that are manipulated by the CNOT operation.
